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Abstract: We derive the universal terms of entanglement entropy for 6d CFTs by ap¬ 
plying the holographic and the field theoretical approaches, respectively. Our formulas are 
conformally invariant and agree with the results of [37, 38]. Remarkably, we find that the 
holographic and the field theoretical results match exactly for the and Ck‘^ terms, where 
C and k denote the Weyl tensor and the extrinsic curvature, respectively. As for the k^ 
terms, we meet the splitting problem of the conical metrics. The splitting problem in the 
bulk can be fixed by equations of motion. As for the splitting on the boundary, we assume 
the general forms and find that there indeed exists suitable splitting which can make the 
holographic and the field theoretical k^ terms match. Since we have much more equations 
than the free parameters, the match for terms is non-trivial. 
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1 Introduction 


Entanglement entropy (EE) plays an important rule in the fields of gravity [1] and quantum 
many-body physics [2, 3]. It is non-local and provides a useful tool to probe the quantum 
correlations. EE can be calculated by applying the holographic method [4, 5] and the 
perturbative approach [6]. The holographic entanglement entropy is a rapidly developing 
field. Recently, the Ryu-Takayanagi conjecture [4, 5] has been proved by Lewkowycz and 
Maldacena [7]. See also [8, 9] for some early tries. Later, the approach of [7] is generalized to 
higher curvature gravity [10, 11] and the most general higher derivative gravity [12, 13]. See 
also [14-19] for the study of holographic entanglement entropy and the differential entropy 
of a holographic hole [20-23]. Other interesting developments include the correspondence 
between bulk locality and quantum error correction [24, 25], the quantum Bousso bound 
[26, 27], the RG flow of entanglement entropy [28, 29], quantum entanglement of local 
operators [30], the relation between quantum dimension and entanglement entropy [31] and 
the holographic three point functions of stress tensor [32]. 

In this paper, we focus on the universal terms of EE. As we know, the leading term 
of EE obeys the area law. However, in spacetime dimensions higher than two, it depends 
on the cutoff of the system. In contrast to the leading term, the logarithmic term of EE in 
even spacetime dimensions is universal and thus is of great interest. The logarithmic term 
of EE for 2d CFTs is given by [33, 34] 

-S'sjiog = ^log (^sin(^)) (1.1) 

where I and L are the length of the subsystem and total system, respectively. 5 denotes the 
cutoff and c is the central charge of the GET. 

In 4-dimensionaI space-time, the logarithmic term of EE is proposed by [35] 

•S'sliog = [c{C"^^’‘hikhjk - trk^ + - oRs], (1-2) 

where Cijki is the Weyl tensor, k is the extrinsic curvature and Rs is the intrinsic Ricci 
scalar, a and c are the central charges of 4d GFTs. Eq.(1.2) is firstly derived by using 
the holographic entanglement entropy (HEE) of Einstein gravity [35]. Later, by applying 
Dong’s formula [10], [36] prove that the general higher curvature gravity yields the same 
results. 

So far, not much is known about the logarithmic term of EE for 6d GFTs except [37, 38]. 
In [37], Hung, Myers and Smolkin (HMS) obtain the logarithmic term of EE for 6d GFTs 
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in case of zero extrinsic curvatures. Because the condition kaij = 0 breaks the conformal 
invariance, their formulas are not conformally invariant. In [38], Safdi studies the cases 
with S 3 = —g- 2 - in flat space, where Bi are the central charges of 6 d CFTs. Since the 
‘flat-space condition’ is imposed, the results of [38] are not conformally invariant either. 
Now let us briefly review their works. 

HMS derive the universal terms of EE for CFTs as the ‘entropy’ of its Weyl anomaly 
[37, 39]. Take the Weyl anomaly as a gravitational action and then calculate the ‘entropy’ 
of this ‘action’. It turns out that this ’entropy’ equals to the logarithmic term of EE for 
CFTs. In six dimensions, the trace anomaly takes the following form 

3 

{T\) = Y,BnIn + 2AE(,, (1.3) 

n=l 

where Eq is the Euler density and E are conformal invariants defined by 

T _ ^ kl r _ kl/^ mn^ ij 

^kijl^ n 1 -^2 ^ij ^kl ^mn ’ 

/3 = . (1.4) 


i^or entangling wilh luc iutatiuiicii o^iiiiiic 

holographic entanglement entropy. Thus, we have 

r 


/ 3 Or 

d^xVh 2 tt Y, Bn 0 ^ iki + 2AE^ 

77 .= 1 


kl 


(1.5) 


- s 


where 


dl 


^ 4i = 3 (cJ””* h, - 1 C*"”+ 4 C->“ Ctju'j , (1.6) 




dR‘iu 

t’ SM = 3 (c*'™" Cji £„■ eti - C“"" C4,„ g* + 1 C«« Cy,, j , (1.7) 


dR^^ki 


+4C-‘'"*c4,„4-^C««Cyy. 


( 1 . 8 ) 


For entangling surfaces without the rotational symmetry, the anomaly-like entropy from 
CijkiOC^^^^ should be added to the entropy eq.(1.5). This contribution is used in [12] to 
resolve the HMS puzzle [37]. See [40, 41] for an alternative try, which suggests to use the 
entropy from total derivative terms to explain the HMS mismatch. However, it is found that 
the entropy of covariant total derivative terms vanishes [42] by applying the Lewkowycz- 
Maldacena regularization [7]. What is worse, [13] proves that the proposal of [40, 41] fails 
in solving the HMS puzzle [13] even if the entropy of total derivative terms was non-zero. 
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Now let us turn to review the work of [38], where the universal term of EE for 6d CFTs 
B2— — 

with S3 = —g-2- in flat space is obtained 

^sliog = logi£/6) 2 AEi + 67r[3(S2 - ^)J + SsTs]. (1.9) 

Here J = Ti — 2T2 and Tj are given by 

21 

Ti = (tr/c^)^, T2 = trA:^, Ta = iVakS^ - k'^ + llk^trk^ — Qitrk^S^ — IQktrk^ + 12trA:^, 

16 

( 1 . 10 ) 

where k denotes the traceless part of the extrinsic curvature. For simplicity, [38] focus 
on flat space and set the extrinsic curvature in the time-like direction to be zero. Since 
the ‘flat-space condition’ breaks the conformal invariance, the results of [38] (r3) are not 
conformally invariant either. 

In this paper, we investigate the most general cases. By applying the holographic and 
the field theoretical methods respectively, we derive the universal terms of EE for 6d CFTs. 
Our formulas are conformally invariant and reduce to those of [37, 38] when imposing the 
conditions they use. Remarkably, we find that the holographic and the field theoretical 
results match exactly for the and Ck"^ terms, where C and k denote the Weyl tensor 
and the extrinsic curvature, respectively. As for the terms, we have to deal with the 
splitting problem of the conical metrics. The splitting problem appears because one can 
not distinguish and (n —?■ 1) in the expansions of the conical metrics. We can fix the 

splitting problem in the bulk by applying equations of motion. As for the splitting problem 
on the boundary, we assume the general expressions and find that there does exist suitable 
splittings which can make the holographic and the field theoretical k^ terms match. 

It should be mentioned that the splitting problem does not affect the logarithmic term 
of EE for 4d CFTs. That is because only the 0{K^) and 0{K^) terms {K denote the 
extrinsic curvature in the bulk) of the entropy contribute to the logarithmic term of EE for 
4d CFTs [36], however these terms are irrelevant to the splitting problem [12]. As for the 
6d logarithmic terms, we need to calculate the 0{K^) terms of the entropy, which come 
from cubic curvature terms in the action. It turns out that the only cubic curvature term 
irrelevant to the splittings is the Lovelock term. However, the central charges of CFTs dual 
to Lovelock gravity and the curvature-squared gravity are not independent but constrained 
by B 3 = —3"^- Thus, to study the most general case in 6-dimensional space-time, we 
have to deal with the splitting problem. 


- 4 - 




An overview of this paper is as follows: We begin with a brief review of the holographic 
entanglement entropy and the discnssions of the splitting problem for the conical metrics in 
Sect. 2. In Sect. 3, we take the general higher curvature gravity as an example to illustrate 
the holographic approach for the derivations of the universal terms of EE. In Sect. 4, we 
derive the universal terms of EE for 6d CFTs by applying the holographic method. We 
firstly derive the results from a smart-constructed action and then prove that the general 
action produces the same results. In Sect. 5, we use the field theoretical method to calculate 
the universal terms of EE for 6d CFTs. We compare the field theoretical results with the 
holographic ones and get good agreements. We conclude with a brief discussion of our 
results in Sect. 6. 

Notations: X^, and R^upa are the coordinates, the metric and the curvature in the 

((i-l-l)-dimensional bulk, respectively. Similarly, x®, gij and R-ijki denote the coordinates, the 

metric and the curvature on the d-dimensional boundary. The entangling surface (extrinsic 

curvatures) in the bulk and on the boundary are labeled by m and S {K and k), respectively. 
( 0 ) 

hap and /ly- are the induced metrics on m and S, respectively. Notice that m is a (d — 1)- 
dimensional manifold while S is a (d — 2)-dimensional manifold. 

2 Holographic entanglement entropy 
2.1 Holographic entanglement entropy 

In this section, we briefly review the derivations of holographic entanglement entropy (HEE) 
for the general higher curvature gravity [10]. The basic idea is to apply the replica trick 
and extend it to the bulk. Let us start with the Renyi entropy 

Sn = -^ log =-^(logZ„ - nlogZi) (2.1) 

Z„=rr|p”], (2,2) 

where p is the reduced density matrix associated with the subsystem and is the partition 
function of the field theory on a suitable manifold known as the n-fold cover. For theories 
with a holographic dual we can build a suitable bulk solution Bn whose boundary is M„. 
Then the gauge-gravity duality identifies the field theory partition function on Mn with the 
on-shell bulk action on Bn 


Zn = Z[Mn] = 


(2.3) 


- 5 - 





We can derive the HEE by taking the limit n —>• 1 of Renyi entropy 


•S'hee = lim Sn = -dn{logTr[p'^])\n^i = -Tr[plogp] 

= -5„(logZ„ - nlogZi)|„^i = dn{I[Bn] - n/[Ri])|„^i 
— deIreg\e—>-0: (^'4) 

where Ireg = {nI[Bi] — I[Bn]) is the regularized action and e = 1 — To derive Ireg, one 
need to regularize the conical metric appropriately. 

The regularized conical metric in a coordinate system adapted to a neighborhood of 
the conical singularity is given by [10]: 

[dzdz + e^^T{zdz — zdz)"^] + (jiij + 2 KaijX^ + QabijX°‘x^^ dy^dy^ 

+2ie^^Ui {zdz — zdz) dy'^ + • • • . (2-5) 

Here G {z, z} denotes orthogonal directions to the conical singularity, and ?/* denotes 
parallel directions. The regularized warp factor is 

^ =-|log(zz + 62), (2.6) 

Using the replica trick, one can derive the entropy as eq.(2.4) 


*5hEE — ^e-^re^'le^O (2.7) 

where Ireg is the gravitational action got from the regularized metric (2.5). There are two 
kinds of terms relevant to the entropy. The first kind is 

Rzzzz = e^^dzdgA + ... 

J dzdzdzdzA = — ttc . ( 2 . 8 ) 

It contributes to Wald entropy. The second kind is 


Rzizj — zijdz^ T Rzkzl — ^R-zkldz^ T ••• 

J dzdzdzAd-zAe-^^ 


(2.9) 


This is the would-be logarithmic term and contributes to the anomaly-like entropy [10]. 

Applying eqs.(2.7,2.8,2.9), one can derive HEE for general higher curvature gravity 

f{R^.uap) [10] 


'S'hee — 


8G 


d'^-^yVhl 


df 


dRz 


+ 16 E( 

/3 


d^f 


dRzizjdRzkzl 




Kzij Kzkl 
f3 + 2 


( 2 . 10 ) 
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Here f3 come from the formula (2.9), and ( - ^ If, -)/3 the coefficients in the expansions 


^ d^zizjd^zkzl 

a^f ^ ^-3A, a^f 


dRriz'idRz.kz.l 


E 


'^zizj^J^zkzl p dRzizjdRzkzl 

[10] proposes to regularize Qzsij as e^'^Qzzij- However, as we find in Sect. 4.2, this 
ansatz yields inconsistent results for the universal terms of EE for 6d CFTs [12], i.e., two 
gravitational actions with the same holographic Weyl anomaly give different universal terms 
of EE. To resolve this inconsistency, we proposes the following regularizations 

r = e-^^To + Ti, 


■)/3- 


( 2 . 11 ) 


2y4. 

Q zzij — Qo zzij + 


ZZIJ 


( 2 . 12 ) 


How to split M into Mq and Mi (M denotes T and Q) is the so-called the splitting problem. 
It appears because one cannot distinguish and in the expansions of the conical metric. 
It is expected that the splitting problem can be fixed by using equations of motion. As we 
shall show in the next sub-section, this is indeed the case at least for Einstein gravity. 


2.2 The splitting problem 

Let us investigate the splitting problem in this section. As we have mentioned in the 
above sub-section, the splittings of the conical metrics cannot be avoided in order to derive 
consistent results for the universal terms of EE. Actually, the splitting problems appear 
naturally since we can not distinguish and in the expansions of conical metrics. That 
is because and become the same order in the limit re —)• 1 when we calculate HEE. 
According to [10, 43], the general regularized conical metric takes the form 


ds^ = e^^[dzdz + T{zdz — zdzY] + 2iVi{zdz — zdz)dy^ 

T Qij)dy dy^^ 


(2.13) 


where hij is the metric on the transverse space and is independent of z,z. A = —| \g{zz+b‘^) 
is regularized warp factor. Inspired by [10, 43], we propose to split T, V), Qij as 




'-'in a\...an 




T = Y^ 

n=0 m=0 

OO 

V — Z^rnAy ax a„ 

n=0 m=0 

OO Pai...an 


im ai...anij 


X \..x 


n=l m=0 
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(2.14) 





is the number of pairs of z, z appearing in ai...a„. 


Here z, z are denoted by and Pai...a„ 

For example, we have P^zz = Pzzz = Pzzz = 1, Pzzzz = 2 and Pzz...z = 0. Expanding T, V, Q 
to the first few terms in the notations of [10], we have 

T = To + e‘^^Ti + 0{x), 

Vi = Uoi + e^^Uii + Oix), 

Qij = 2KaijX°- + Qo abijX°‘x^ + zzij zz + 0{x^) (2.15) 

How to split W iW denote T,V,Q) into {Wo,Wi, ...,Wp+i} is an important problem. It 
should be mentioned that the splitting problem is ignored in the initial works of Dong 
and Camps [10, 43]. However they both change their mind and realize the splitting is 
necessary later Recently Camps etal generalize the conical metrics to the case without 
Zn symmetry, where the splitting problem appears naturally [44]. Our metric eq.(2.13) can 
be regarded as a special case of [44] with Zn symmetry. Inspired by [7], it is expected that 
the splitting problem can be fixed by equations of motion. Let us take Einstein gravity in 
vacuum as an example. We denote the equations of motion by = R^i, — G^i, = 0 

. Focus on terms which are important near = 0, we have 

Rab = 2iF(aVfe)H - GabK^VcA + e2^[(12Ti + 4U^)Gab - Ql ab^ 1 
+Ka^jK,^^ + {UTo + 8UoUi)Gab - Qo aU ' 

Rai = 3ebaV\ + D^Kami - DiKa, 

Rij = nj + 8UiUj - QAii + e-2^[2iLai^iL“™ - K‘^Ka^j + IBUq (it/i ,) - Qo\ij], 

R = r + 16[/2 + 24ri - 2Q^\\ + - K^Ka + 2ATo - 2 Qq\\ + 32[/ot/i), 

(2.16) 

where H = — | logzz, Ezz = f and Qzz = Let us firstly consider the leading term of Ezz, 
we get 

Ezz — ‘2Kz'f7zA + ... = —e-h ... = 0. (2.17) 

z 

Requiring the above equation to be regular near the cone, we obtain the minimal surface 
condition Kz = Kz = 0 [7]. To derive Tq and Qo, we need consider the sub-leading terms 

^We thank Dong and Camps for discussions on this problem. 
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of Ezz, Eij and E^i,. We have 

Ez-z = e^%..) + [Qo .k - + K,K, - W^Ui] = 0, 

Eij = (...) + e-‘^^[2KaimK^^j - K^Kaij + I 6 C /0 (iC/i ,) - Qo%' 

-hij{3KaijK^^^ - K^Ka + 24To - 2QoVi + 32f/oC/i)] = 0, 

K = (•••) + - K^^Ka + 24ro - 2QoVi + 32[/oC/i] = 0.(2.18) 

Here (...) denote the leading terms which can be used to determine Ti, Uu, Qizzij and hij. 

From the subleading terms of the above equations, we can derive a unique solution 

Qozzij = {KzimK— —KzKzij + C.C.) + AUq (jUi (2.19) 

As we shall show below, a natural choice would be ?7o i = 0. It should be mentioned that 
eq.(2.19) are also solutions to the general higher derivative gravity if we require that the 
higher derivative gravity has an AdS solution. In the next section, we shall use eq.(2.19) to 
derive the universal terms of EE for 6d CFTs. Actually, we only need a weaker condition 
near the boundary 

To = ^{KaijK^^^ - X KaK^) + 0(p2), (2.20) 

Qozzij = K^imK^p - y KzK^ij - z g^jK^K^ + c.c + 0{p) (2.21) 

with X, y, z are some constants which are not important. Here p is defined in the Fefferman- 
Graham expansion eq.(3.1) and p —)• 0 corresponds to the boundary. Actually, as we shall 
show in sect.3.2, eq.(2.20) is the necessary condition that all the higher derivative gravity 
in the bulk gives consistent results of the universal terms of EE. 

To end this section, let us make some comments. In addition to the equations of motion, 
there are several other constraints which may help to fix the splitting. Let us discuss them 
one by one below. 

1. The entropy reduces to Wald entropy in stationary spacetime. 

Let us take as an example. In stationary spacetime, we have Kaij = 

Qzzij = Qzzij = 0. Applying the method of [12], we can derive the HEE as 

Shee = Swaid + j dy^~^Vhl287r{QozzijQozi + + 5{Uo + mixed terms of Tq, Qq, Uq). 

( 2 . 22 ) 
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To be consistent with Wald entropy, we must have Tq = Uq i = Qozsij = 0 in stationary 
spacetime. This implies that Tq,Uo i and Qozzij should be either zero or functions of the 
extrinsic curvatures. This is indeed the case for the splitting eqs.(2.19). By dimensional 
analysis, we note that Uq i ~ 0{K). However, it is impossible to express Uq i in terms of 
the extrinsic curvature Kaij- Thus, a natural choice would he Uq i = 0. 

2. The entropy of conformally invariant action is also conformally invariant. 

In the bulk, we can use gravitational equations of motion to fix the splittings of conical 
metrics. However, we do not have dynamic gravitational fields on the boundary. Then 
how can we determine the splittings on the boundary? For the cases with gravity duals, 
in principle, we can derive the conical metric on the boundary from the one in the bulk. 
As for the general cases, we do not know how to fix the splittings. If we focus on the case 
of CFTs, the conformal symmetry can help. As we know, the universal terms of EE for 
CFTs are conformally invariant. Recall that we can derive the universal terms of EE as the 
entropy of the Weyl anomaly [35, 37, 39]. Thus, the entropy of conformal invariants (Weyl 
anomaly) must be also conformally invariant. Let us call this condition as the ‘conformal 
constraint’ . Expanding the Weyl tensor in powers of we have 


a,-,,- = e^^Ci z-zz-z + e^^Co z-zz 

Czizj — ^ zizj + Co 

zizj ; 

Cikjl Cl + e Cg ikjl 


(2.23) 


The ‘conformal constraint’ requires that both Ci and Cg are conformally invariant. Assum¬ 
ing the general splittings in 6d spacetime 


Tg = ZiKamnK^^" + Z 2 KaK^ (2.24) 

Qo zzij — {xi^zimK^ j T X2 QijKzmnK^ “k y\KzKzij ~\~ y2 QijKzKz) T c.c.(2.25) 

By using the ‘conformal constraint’, we get 

xi = 1 - 2yi, x 2 = ^-hzi- y, y 2 = - 62:2 - |^. ( 2 . 26 ) 

Thus the ‘conformal constraint’ cannot fix the splittings on the boundary completely. 

3. The splittings should yield the correct universal terms of EE for CFTs. 

Another natural constraint for the splittings on the boundary is that it should give the 
correct universal term of EE for CFTs. By ‘correct’, we mean it agrees with holographic 
results. Remarkably, the splitting problem does not affect the universal terms of EE for 
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4d CFTs . From the viewpoint of CFTs, we can derive the universal terms of EE as the 
entropy of the Weyl anomaly. In 4d spacetime, the Weyl anomaly are curvature-squared 
terms whose entropy can not include Tq and Qo by using Dong’s formula [10]. From the 
viewpoint of holography, the situation is similar. For the general higher derivative gravity 
S{g, R), it has been proved that Tq and Qq does not contribute to the logarithmic terms of 
EE [36]. As for the 6d CFTs, the splitting problems do matter. To be consistent with the 
holographic results, in sect. 4, we shall derive the splittings eq.(2.24) with 

xi = l, X 2 = \ - 6 zi, yi = 0, y 2 = - 6 z 2 - (2.27) 

4 16 

This constraint is better than the ‘conformal constraint’ but still could not fix the splittings 
completely. It seems that we have some freedom to split the conical metrics on the boundary 
and this freedom does not affect the universal terms of EE. 

4. The splittings does not affect the entropy of Lovelock gravity and topological in¬ 
variants. 

Lovelock gravity is special in several aspects. In particular, it becomes topological 
invariant in critical dimensions. Thus the entropy of Lovelock gravity must be also topolog¬ 
ical invariant in critical dimensions. This strong constrains the possible form of the entropy 
of Lovelock gravity. We know the answer is the Jacobson-Myers formula [45]. In general, 
we would get different entropy from the conical metrics with different splittings. Thus, 
we must check if the splittings affect the entropy of Lovelock gravity. It is clear that the 
splittings does not affect the Wald entropy. Thus, we focus on the anomaly-Iike entropy 
KzijKzkiTTfr-^^-kh - [10]. Note that Tq and Qq only appear in the curvatures Rzzzz and 

OKzizjOKzkzl 

Rzizj but not Rijki- While only Rijki can appear in ~ ^ — for Lovelock gravity. Thus 

^-t^zizj ^^zkzl 

the splittings indeed do not affect the entropy of Lovelock gravity. 

3 The universal terms of EE 

3.1 Approach based on PBH transformation 

In this subsection, we introduce an elegant approach [46], which rests on the so-called 
Penrose-Brown-Henneaux (PBH) transformations, for the derivations of the universal terms 
of EE for CFTs. Taking advantage of the bulk diffeomorphisms and the reparametrization 
of the world volume (entropy functional), [46] finds that one do not need to solve equations 
of motion and the extremal entropy surface in order to derive the universal terms of EE 
for 4d CFTs. As we shall show in Sect. 4, this is also the case for 6d CFTs. Notice 
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that making no use of equations of motion does not mean the approach of [46] is off-sheii. 
Actuaiiy, [46] indeed use some on-sheii conditions, which can be derived by appiying either 
PBH transformations or equations of motion. Beiow we give a brief review of the generai 
method. 


3.1.1 Fefferman-Graham expansion 

For asymptoticaiiy AdS space-time, we can expand the buik metric in the Fefferman- 
Graham gauge 


ds^ = G^vdX^dX^ = -^dp'^ + -gijdx^dx^, 


1 


(3.1) 


where gij = • -k pgij -k ... -k p''^(g\j + 'lij iogp) -k .... Interestingiy, 


ii) 


(1) 

9 ij — 


1 


(0) 

-.{Rij — 


(0) 

R (0) 

9 ijn 


(3.2) 


can be determined compieteiy by PBH transformation [47, 48]. Of course, one can aiso 
derive eq.(3.2) by using equations of motion [49, 50]. The key point is that aii higher 


derivative gravity theories give the same ''g eq.(3.2), due to the symmetry near the AdS 

boundary [47]. Unlike •, The higher order terms •, ^g ij... are constrained by equations 


of motion. We have 


( 2 ) 


9 a = h 9 ij + k2 CiklmC, 


( 0 ) 


klm 






-k- 


1 


1 


J 

1 


d-4 [8(d - 1) 


VjVji? — —r-^- —\Z\Rij “k 


1 


4(d-2) ^ 8{d-l){d-2) 

^ - Ri^Rjk+ ^ 


( 0 ) 

OR 9 




-k- 


2{d-2) 
1 


Tykl D _|_ 
^ ^ikjl + 


2{d-2f 


(d-l)(d-2)2^^'^' 


R^^Rki 9 ij - 


( 0 ) 


3d 


rR^ 9 


(3.3) 


4(d-2)2“ 16(d-l)2(d-2)2 

where we have ignored (o) in the above equation and /ci, /c 2 depend on the action, or equiv¬ 
alently, equations of motion. For example, we have 


fci = ^(5 Ai + 14A2), A;2 = ^(Ai-4A2) 

oU 4 

for the action eq.(4.1). 

Using the universal identity eq.(3.2), we can derive some useful formulas [36] 
R ~ o(p^), Rij ~ o{p), Rip ~ o(p), Rpp ~ o(l) 

Ripjp ~ Rpijk ~ o( —) 


(3.4) 


Rijkl — 


a 


ijkl 


(3.5) 
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where R eq.(3.24) is the difference between the curvature and a background-curvature. The 
above equations imply 0{R^) are at least of order 0{p^). For example, we have 


+ oy) 

(3.6) 

+ o(/) 

(3.7) 


(3.8) 


It should be stressed that the above results are on-shell, since we have used the on-shell 
condition eq.(3.2). 

3.1.2 Schwimmer-Theisen approach 

Denote the transverse space of the cones by m. The embedding of the {d — l)-dimensional 
submanifold m into {d + l)-dimensional bulk is described by = X^(cj"), where = 
{x*, p} are bulk coordinates and cr" = {y*, r} are coordinates on m. We choose a gauge 

r = p, = 0, (3.9) 

where hap is the induced metric on m. Let us expand the embedding functions as 

(0) . (1) . (2) . 

X\T,y^) = X\y^) + X\y^)T + X\y^y + ... (3.10) 

Diffeomorphism preserving the Fefferman-Graham gauge (3.1) and above gauge (3.9) uniquely 

fixes a transformation rule of the embedding functions X^ (y*, r) [46] . From this transfor- 

- 

mation rule, we can identity X^{y^) with the extrinsic curvature of the entangling surface 
S on the AdS boundary 

(1) 

Similar to g eq.(3.2), X* is fixed by the symmetry and thus is universal [46]. Of course, one 
can also get eq.(3.11) by calculating the extremum of the entropy functional Actually, as 
we shall show below, eq.(3.11) is the perturbative counterpart of the extremal-area-surface 

(n) '"1 

condition X* = 0. Similar to Pj.,-, X* with n > 2 are non-universal and depend on the 

(") 

gravitational theories. Fortunately, we do not need X* with n > 2 for the derivations of 
the universal terms of EE in six-dimensional space-time. 

^Please refer to the Appendix for the details. 
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From eqs.(3.10,3.11), we can derive the induced metric on m as 

1 


hrr = drX^^drX’^Gf,^ = — ( 1 + 


1 

4t-2 


{d-2y 


k"k^^g\iT + 


1 1 /(o) (1) 

hy = -d.X^d.X^g,, = -(h..+ h^^T+ ...], 






with 




d — 2 *i' 


Thus, we have 




r- . /<°) 1 / /7 

\4 = V h —(l + g 

2 p 2 2 


-TT_ ,) + .„) 


(d - 2)2 

Using eq. (3.10,3.11), we can also derive the extrinsic curvature K of m as 


( 0 ) 

Kl. = (kl. - djU + ... 

ij '' ij d _ 2 


(3.12) 

(3.13) 

(3.14) 

(3.15) 

(3.16) 


One can check that all the other components of are higher order terms irrelevant to the 
logarithmic terms. Notice that the leading term of iFF. eq.(3.16) is traceless, which means 
eq.(3.11) yields the extremal-area-surface condition iF* = 0 perturbatively. 

Now let us list some useful formulas in the notation of [10] 

Kaij = ^ + ..., Ka ~ = pkaijk^^^ + ... (3.17) 

VP 

where kaij denotes the traceless part of the extrinsic curvature. 

To derive the universal logarithmic terms of EE, we need to select the ^ terms in 
the integrand of the entropy functional. From eqs.(3.15,3.17), it is easy to find that only 
following combinations of the extrinsic curvatures contribute to logarithmic terms of EE 


Vh, y/htrK"^, 


for d = 4 


(3.18) 


\/d, VhtrK"^, VhtrK*, y/h{trK‘^)‘^, for d = 6 
Using eq.(3.17), we obtain some very useful formulas 

VhtrK^ = — \/~h trk^ -|- ... for d = 4. 

2p 


(3.19) 


(3.20) 


1 /(O) _ 

VhtrK^ = —y h trk^ -|- ... for d = 6. 

2p 

I Ao) 

y/hitrK'^)'^ = —V h trik^S^ -|- ... for d = 6. 

2p 


(3.21) 

(3.22) 
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Notice that we have used the universal identity eq.(3.11) in the above equations. Since 
eq.(3.11) is the perturbative counterpart of the extremal-area-surface condition, therefore 
eqs. (3.20,3.21,3.22) are on-shell. 


3.2 Example: higher curvature gravity 

Now we take the general higher curvature gravity to illustrate how to derive the universal 
terms of EE in the approach of [46] . For simplicity, we focus on 4d CFTs in this subsection 
and leave the study of 6d CFTs to the next section. 

We use the ’background field approach’ introduced in [36]. This method together with 
[46, 47] are very useful tools to derive the holographic Weyl anomaly and universal terms 
of EE [36]. Firstly, we define a ’background-curvature’ (we set the AdS radius I = 1) 


Rfiuap — Gfj^pGi/u GpfjGjyp 


(3.23) 


and denote the difference between the curvature and the ’background-curvature’ by 


Rpuap — Rpvap Rp,ucrp- 


(3.24) 


Then we expand the action around this ’background-curvature’ and get 

/ = J d'^+^xVdf{Rp,.p) 

= J d'^+^xVd[fo + c^^^R+{c^^^RpuapR^‘'^P + c^2^Rp.R^’' + cf^R^) + 0{R^)] 

(3.25) 

where /o = f{Rpuap) = f{Rpuap)\AdS is the Lagrangian for pure AdS, are some con¬ 
stants determined by the action. We require that the higher derivative gravity has an 
asymptotic AdS solution. This would impose a condition = —fo/2d [36]. Using this 
condition, we can rewrite the action (3.25) as 

/ = / d^^^xVd[ -^{R + d^-d) + {cf^Rp,,pR^''-P + cf'>Rp,RP'^ + cf R^) + 0{R^ 

(3.26) 


Now we focus on the case of d = 4. Applying the entropy formula (2.10), we can derive 
HEE in asymptoticlly AdS^ (3-1) as 

S = ^j d^yVh[ - ^ + 2cf i? + cf (< - ^KaK-) + 2cf\R'^\, - + 0{K\ R\ RK^)] 

(3.27) 
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where a,b € {z, z} denotes orthogonal directions to the bulk entangling surface m. From 
eqs. (3.1,3.5,3.17), it is not difficult to hnd that i? ~ ~ 0{K‘^,R^,RK^) ~ 0{p^) are 

some higher order terms irrelevant to the logarithmic terms. Notice that, for 4d CFTs, we 
can ignore the splitting problem, since it only affects the entropy at order 0{K^). Recall 
that we have 


[ log{l/6), VhKaK^ = Vh{trKf ~ 0 {p) 

J 52 2 p 

VhKaijK'^^^ = VhtrK^ = trk^ + 0 ( 1 ) 

2 p 


= 2 ^V + 0 ( 1 ) = 2 ^V h + 0 ( 1 ) 


nr \rV ^ (1 1 , 1 , 7 ( 0 ) . 

^ = V h^(l + ^(/i^5--- A;0(7i^.) + ...) 


4 


/(o) 1 p { 0 ) 70 ( 0 ) 




(3.28) 

(3.29) 

(3.30) 

(3.31) 


where i?s is the intrinsic curvature scalar on the boundary entangling surface S and we 
have used the variant of the Gauss-Codazzi equation in the above calculations. 


1 , 7 , 7 ( 0 ) 

2 h ^ gp. - - k Pij = 


(0)7-.(0)-- 


ikjl 


— trk'^ — i?s- 


(3.32) 


Substituting eqs. (3.28-3.31) into eq.(3.27), we can derive the universal logarithmic 
terms of EE as 


•Slog = / — f rf^2/V ^\(-—+ 2cf^)(h^^h%7^7--trP) + 

® 40 Js 2 2p is 32 ^ ^ 32 ^1 

log{l/5) 


/(O) (0)^,s.(0).~.~ 

2^ J (fyyh[c{h^^h- trk"^) + oRe] 

where a and c are the central charges of 4d CFTs given by [36] 

/oTT /oTT , ( 2 ) TT 

a = — , C = — tTTV; + Cl — 


(3.33) 


640’ 


'640 ^ O 


(3.34) 


Now we hnish the derivations of the universal terms of EE for 4d CFTs dual to the 

general higher curvature gravity. Let us make some comments. Firstly, we have used the 

( 1 ) 

universal relations for g eq.(3.2) and X* eq.(3.11) in the above calculations. It seems that 
eq.(3.2) and eq.(3.11) are off-shell, since they are obtained by making no use of equations of 
motion [46]. However, this is not the case. Actually eqs. (3.2,3.11) can also be derived from 
equations of motion and the extremal entropy condition (see Appendix. A), therefore the 
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approach of [46] is indeed on-shell. Secondly, expanding the action around the background- 
curvature eq.(3.23) are quite useful for the derivations of universal terms of EE. At the 


leading order one can always directly replace R^\i (Raj) by p C^\i (y^ which can 

simplify the calculations greatly. For example, we have y/hirK"^ —)• log(//h) trkP' for 




d = 4, and y/htr{RK‘^) —)• log(//d)V h tr{Ck‘^) for d = 6. Thirdly, the splitting problem 


does not matter for the universal terms of EE in four dimensions. However, it does matter 


for the case of 6 d CFTs. We investigate this problem carefully in the next section. 

4 Holographic method 


In this section, we derive the universal logarithmic terms of EE for 6 d CFTs by using the 


holographic method introduced in Sect. 3. We firstly derive the results from a smart- 
constructed bulk action and then prove that the general action produces the same results. 

4.1 Logarithmic terms of EE from a smart-constructed action 

For the curvature-squared gravity and Lovelock gravity, the splitting problem does not 
matter. However, the central charges of the corresponding CFTs are not independent but 
constrained by H 3 = — 3 “^- To cover the general CFTs, we must consider at least one 
cubic curvature term. Below we construct two special cubic curvature terms Mi and M 2 , 
which are designed to correspond to the conformal invariants R and R eq.(1.4) on the 
boundary, respectively. We use these smart-constructed cubic curvature terms to derive 
universal terms of EE for 6 d CFTs. It turns out that they help quite a lot to simplify the 
calculations. 

Consider the following action 



(4.1) 


where we have set the AdS radius I = 1 and Mi, M 2 are constructed as 


Ml = M2 = R^rK'^Kr- 


(4.2) 


Recall that R are defined by 


Rfiupa — Rfiupa + {GppG vcr GpcrGi/p) 





R = R + A2. 


(4.3) 
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It should be mentioned that Mj (i = 1, 2) can be regarded as the bulk counterparts to the 
conformal invariants /j eq.(1.4). They only contribute to the holographic Weyl anomaly 
with respect to I* (i = 1, 2). According to [36], the holographic Weyl anomaly for the above 
action is 


3 

{T\) = Y,BnIn + 2AE(,, 

n=l 


(4.4) 


with the central charges given by 


A = TT^, 


lb 

192 

It is expected that the universal terms of EE for 6d CTFs takes the following form 

3 


(4.5) 


“See — \og{i/ 6 ) J (fx^/ho 


27r 'y ^ BnFn + 2 A E 4 


n=l 


(4.6) 


where E^ are conformal invariants need to be determined and E 4 is the Euler density. From 
eqs.(4.1,4.5), it is clear that we can use HEE of Mi and M 2 to derive Fi and F 2 , respectively. 
Knowing Fi and F 2 , one can use HEE of Einstein gravity to obtain F 3 . 


4.1.1 El and F 2 


Now let us start to derive the universal terms of EE by applying the approach introduced 
in Sect. 3.2. For convenience of the readers, we recall some useful formulas 


/ ^ = ^og{l/6), Vh{trK)'^ ~ 0{p^) 

Vh{trK)‘^{trK^) ~ 0{p), V~h{trK){trK^) ~ 0(1) 

^ 1 f(0) _ ^ 1 fw 

y/iitrK^ = —V h trk^ + 0(1), VhitrK'^S^ = —V h (trk‘^)‘^ + 0(1) 

2p 2p 


(4.7) 

(4.8) 

(4.9) 


VhTr(eeRR) = —'J^Tr(eeCC) + 0(1), VhTriK'^R) = —'J^Trik^C) + 0(1) 

2p 2p 

(4.10) 


where and iij are the two-dimensional volume form in the space transverse to the 
entangling surfaces in the bulk and on the boundary, respectively. 
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Let us firstly discuss the logarithmic terms from the Wald entropy of the action eq.(4.1). 

After some calculations, we get 

5waid = 27r I + + 

= 27r j dpd'^yVh[2 + {3 ekiCi'^"'''Cjmn^ + 3 X 2 ?^ ekiC^''mnC^"‘ij] + irrelevant terms 

= SE + 27rl dpdS^ [3X,^^eklCr'"^Cjmn^ + 3X2^^ hlC’^^mnC^"ij + + k2)CijklC^^^' 

— k2gjjC''klm.C^^^'^], + irrelevant terms 

= Se + 2ilog(Vi) ^ rf's Ai[3Ai(C^'””* EM - \ C‘"“CV9* + 4 C«“ C,ju) 
+3A2(C“’“”C„„«£y9H + Ic‘’’“Cmm)], (4,11) 

where S^; is the universal terms of EE for Einstein gravity. We leave the derivation of Sg to 

the next subsection. Let us discuss the above calculations briefly. The R^ terms in action 

eq.(4.1) gives two kinds of contributions. The first kind of contributions come from their 

Wald entropy, such as the terms in the second and third lines of eq.(4.11). The second 

( 2 ) 

kind of contributions are due to their non-trivial corrections of g ^ eq.(3.3) and X* eq.(3.10) 

in '/h. The ki, k 2 terms in the third and fourth lines of eq.(4.11) come from corrections of 

( 2 ) 

g ij. Note that y/h contains only the linear term of X* in the relevant order According 

( 2 ) 

to equations of motion = 0, the linear terms of X* should vanish on-shell (at least 

for Einstein gravity). As we shall show in the next subsection, this is indeed the case. 

From eqs.(4.5,4.6,4.11), we can read out Wald-entropy-part of Fi and F 2 as 

Fwi = 3(CJ"'”‘ CP‘„Etj EM - \ C”” gF + 4 Qjh) (4,12) 

Fwe = C,Jl E,g EM - c“'” C\,.„4 + t C->“ Cmm), (4,13) 

which match the field theoretical results eqs.(1.6,1.7) exactly. 

Now let us go on to discuss the anomaly-like entropy for the action eq.(4.1). According 
to eqs.(4.8,4.9), we only need to keep trK'^ and among the K'^ terms. In other 

words, we can drop all terms including This helps a lot to simplify calculations. 

Note also that, as we have shown in Sect. 2, Qoabij r-u 0(X2),ro~0(X2). 

For Ml = RpupaR^^^^R^pP. applying the formula eq.(2.10), we can derive the anomaly- 
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like entropy as 


-967rK,uKJjRj + ASTTK,uK,]{K,jkK-J - K,ikK,j^) 

+96TrKzijKg^Rzzzz - ASirKzijK^''^(-ST q) ] (4.14) 

= log(£/5) [ d‘^y^/ho[2A7rhifhrnnC^^^^ - UTrhijhr^^^^^ 

4s 

9GTrkziik2jCzz ~k ASTvkzuk^ji^kzjkkzi kzikkzj ) 

+967rkzijkd^Czzzz + 2A7r{kzijk2^f] + ... (4.15) 

where kaij is the extrinsic curvature on the entangling surface S and kaij is the traceless 
part of kaij. We have used eqs. (2. 20,4.7-4. 10) to derive eq.(4.15) from eq.(4.14). 

Similarly for M 2 = R^v^Rp^^, by using eqs. (2. 10,2.21,4.7-4. 10) we obtain 

Sa, = I dpd^y^/h[-3SATTK;iK/Rzjzi + 192TTK;iKJ\KzikK,j'^ - Qoz-zij)] (4.16) 

= log{i/6) [ d^y^/h~o[- iSAirkfk/Czj-zi - l92nUkz^%jkk-J] + ... (4.17) 

4s 

Recall that Fi and F 2 can be derived from the entropy of Mi and M 2 , respectively. 
Using eqs. (4. 15,4. 17), we get the anomaly-like part of Fi and F 2 as 

PaI = ^ = l 2 kzij~kzn.nC^^^^ - Qkzijkzmn{kT~k^^'^ " - A 8 ~kzU~kJjCj 

F2Ak^i^k2^ (kzjkkzi^ — kzikkzj^) + ASkzijk^^ Czzzz + ^‘2.{kzijkz^)‘^ (4.18) 

Pa 2 = ^ = -192kik/Czjzi - 96kikJ%jkhi'". (4.19) 

Now we can obtain Fi = Uivi-|-iUii and F 2 = Fw 2 +Fa 2 from eqs. (4. 12,4.13,4.18,4. 19). This 
is one of our main results. Let us make some comments. Firstly, we have used the splittings 
eqs. ( 2 . 20 , 2 . 21 ), which implies that we require that our action has an asymptotically AdS 
solution. Secondly, our results eqs. (4. 12,4.13,4.18,4. 19) are consistent with those of [37, 38]. 
We have shown above that our results agree with the held theoretical results eqs. (1.6,1.7) 
when the extrinsic curvature vanishes [37]. As for the case of non-zero extrinsic curvature, 
let us compare our results with [38]. In [38], Safdi obtain the universal terms of EE for 
6 d CFTs with B 3 = —in hat space as eq.(1.9). For simplicity Safdi takes vanishing 
extrinsic curvature in the time-like direction. In our notation, we have kzij = kzij = \kij. 
Since now we do not know F 3 , we set B 3 = 0 ,Bi = 2 B 2 for simplicity (We leave the 
derivation of F 3 to the next subsection). Note also that we have Cijki = 0 in hat space. 
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Take all the above simplifications into account, we derive 

Ssliog = log(^/<5) j 2 AE4 + 97rB2[itrPf-2trk^] (4.20) 

which exactly agrees with the results of [38]. Thirdly, our y/hoFi and ^/hoF 2 are obvi¬ 
ously conformally invariant. That is because, similar to Cijki, kaij are conformal tensors. 
In other words, we have Qij —)• dij■, C'jki ^jkl e^kaij under conformal 

transformations. To end this section, we rewrite Fi and F 2 in covariant expressions 

U = 3(C."””‘ EU -1 c"-'” + 4 C,ju) 

Q__ 

h riimjn_^ub L, (uinuajm_iijiamn\ 

-rOtv ijn^amn^ ij^hmn\^a ^ ^ ) 

1‘ipabT T I cdf^ b'Tqrafer T I ^cdT i T kj 
-hot ^cd k^d 

+ j(fc%Sa‘''y (4.21) 

F 2 = SIC"”” C,„„« hj EU - C“'” C\,.„9.4 + t cy“ Cijti) 

- 12 k°, - 6 t“ 

+ nE‘'-k‘‘kjE“‘C,jM + 6E“’kJ%’E‘%jtkEk (4.22) 


4.1.2 F 3 

In this subsection, we derive the universal terms of EE for 6 d CFTs dual to Einstein gravity. 
Using the result of this sub-section together with Fi and F 2 , we can derive T 3 . 

Recall that the HEE of Einstein gravity is 


5'hee = dvr / dp(fy\/h 


(4.23) 


Applying the approach intruduced in Sect. 3.1.2, we have 

Kp = T^ + + {X^X^gij + X^X^X’^dkkj + 4X*A^^4) 


4p2 p 

1 .. 1 
4p2 


1 (2) 

2/ 1 ,i, UD , UO). 


= 7:12 [1 + + 2 X ^ k ^ h ^)]- 


( 1 ) 


(0) 


Here we have used A* = eq.(3.11) and the following ansatz of g^j 


(4.24) 


(0) 


gijdx^dx^ = dzdz + T{zdz — zdzf + 2iVi{zdz — zdz)dy^ 

+{9ij + Qij)dy''dy\ 


(4.25) 
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where T, V, Q are given by 

OO OO 

T = Y, r, = ^= f'i + 


n=0 

OO 


n=0 


Qij ~ ^^ Qai ... a„ijX b..X " — 2® + X X + ••■ 


(4.26) 


n=l 


Here denote z, z and y* are coordinates on the four-dimensional entangling surface S. 

(1). (1). (1) (0) 

Using eq.(4.25), we have X'^X^X^dkQij 0 {x°‘) and thus can be ignored on the entangling 
surface (x“ = 0). It should be mentioned that, by choosing suitable coordinates, we can 
alway write the metric in the form of eq.(4.25) [10]. Note also that the extrinsic curvature 
in this subsection (Schwimmer-Theisen notation [46]) is different from the one of other 
sections (Dong’s notation[10]) by a minus sign. 

Similarly for /ijj, we have 


1 (0) (1) 1 o(2) 

h] = +pi91]- lk^Kij) + P hi]], 


Ip 


(4.27) 


( 2 ) 

with hp- given by 
( 2 ) 


( 1 ) ( 1 ) 


(0) 


(2) (0) 


( 0 ) 


(0) (2) 


( 0 ) 


hy. = d^X’^d^.X'-g^n + d~,X^d^^X^grnn + O-X^ dijX^ grnn 


3 


(1) (0) (0) (1) (1) (Q. 

+(a.x™a.x- + 5.X-5.X-)(y‘J„ + X^dJ^n) 


( 0 ) ( 1 ) 

^,X^dp 
* 3 


(0) (0) 


( 1 ) 


( 1 ) ( 1 ) 
Xkxl 


+d]X^d^.X^ {g^n + X^dug^n + ^ 


(0) 


( 2 ) 


(0) 


dkdlQmn X Okgmn) 


1 (2) (0) (0) (2) , , 
= i—d-k^d-k^ + d.x^d.x^ + d.x^d.x^)g^n 

'04 * 3 * 3 * 3 jurnn 


+ -{d.k^^g^. + d-k^'-g-,) + —emnid-k^k^U- + d-k^k^U-) 

o '' 2 ^ mj j ^ mi^ OO 2 J 

1 1 ( 2 ) 

+ Sy + gk^aJsij + + X%sZ 

( 2 ) 


(4.28) 


Let us try to simplify the above formula. Focus on the X™ terms which are relevant to the 
logarithmic terms of EE, we have 

f 2 /— -(0) (0) 1 (°) (0) 

5(2) = 47rlog(£/(5) / + + 

X Jt. 2 




( 0 ) 


(0) 


( 0 ) ( 0 ) 


(0) (0) 


= 47rlog(£/h) / d^yx/ho[X%h^^{y^^ - d^d^X^ + -I^^d^X^ - udrnX^df,X^] 


(0) 


(0) (2) 


+47rlog(^/,5) / 


( 2 ) 


= 47rlog(£/h) / d^y^oD.X^ 


(4.29) 
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where 7 ^^ and D-^ are the Levi-Civita connection and covariant derivatives on the entangling 
snrface S, respectively. In the above derivations, we have nsed the definition of the extrinsic 
cnrvatnre 


(0) (0) (0) (0) (0) (0) 
kkn = + rhid^Xf^dnX^. 

( 2 ) 


(4.30) 


Now it is clear that we can drop X safely on closed entangling snrfaces. Thns eq.(4.28) can 
be simplihed as 

tr, = —Ak'^d.k^gZn + + —emnid-k^k'^U- + d-k^k^) 

C\A ^ .7 Q \ t ^ mj 7 mt' 00 I 7 2 2 / 


^3 64 

( 2 ) 


+'hj + i) + -^k^k^Qabij 

™ d?) ,T 1 (0) 


= [i-.Aik^^A9^n - k^k^Rrmnj) + ik^'o + X rm + k^V Ag + 5*,] 


,(l) 


( 1 ) 


( 2 ) 


3 ^64 


(4.31) 


(0) 


where Vj are the covariant derivatives with respect to gmn- From eqs.(4.24,4.31), we can 
derive the logarithm term of EE for CFTs dnal to Einstein gravity as 


r Tj T 1 ij s 'b 

Se = vrlog(^/(5) / - ^g.-/g + -{g"-f + ^k'^k^-.^g - —k^kag"-- 


13 ■ 

^ J„a ,h ( 1 ) 


+^kAZ - (4-32) 


(1) (2) 


The definitions of g, g can be fonnd in eqs.(3.2,3.3) with ki = k 2 = 0. After some 
complicated calcnlations, we find that eq.(4.32) is conformally invariant np to some total 
derivative terms. This can be regarded as a check of eq.(4.32). Please refer to Appendix B 
for the proof of the conformal invariance of eq.(4.32). Using eq.(4.32) together with Fi and 
F 2 of sect. 2 . 2 . 1 , we can derive F 3 . 

F 3 = -1927r2F;4 + 12 Fi + 3 F 2 

+192[ft( - I's’./a’’' + + A A - 


2^13' 

+—k'^k’’gab - —k^k ^Ak^^ + —{k^kaf 
16 32 1024^ ' 


(4.33) 


This is one of onr main resnlts. Now let ns consider some special cases below. 
Case I: kaij = 0, 


(2) ij I (1) 

Se = 'K\og{^/5) I d‘^y^/hQ[2g''i - + 2^1^] 


log(£/<5) / ^ BnFw^ + 2 AEi + B 3 AS] 


n=l 


(4.34) 
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where Fw„ = em denote the Wald entropy eqs. (1.6,1-7,1-8). Bn and A are the 

central charges of CFTs dual to Einstein gravity, which can be found in eq.(4.5) with 
A = 0. AS" is the famous HMS mismatch [37], which was hrstly found by Hung, Myers and 
Smolkin that the holographic universal terms of EE does not match the GET ones even 
for entangling surface with zero extrinsic curvature. Recently, the authors of [12] hnd that 
HMS have ignored the anomaly-like entropy of I 3 . Taking into account such contributions, 
the holographic and GET results indeed match. After some tedious calculations, we derive 
AS as 


AS = -47r( 

I Q/o n s^rakrl-l. n s^mkrl-^--l. 

“T r ^ 9ns9kl r ^ 9nl9ks 

+ - lsi-drsinC“‘"‘.ci‘n (4.35) 


Note that the hrst two lines of eq.(4.35) was derived by HMS [37] under the conditions 
kaij = 0 and Rabd = ‘^^ab^ci = 0. If we drop the second condition, we get some new terms 
in the last line of eq.(4.35). Actually, these new terms are proportional to RabciR°'^'^^■ 

Gase H: flat gij and zero gij = gij = 0. Note that this means the bulk spacetime is 
pure AdS. 


Se = —log(£/5) / d^y,/J^o[lQd~.k^d^k^dJn + 7{k'^kaf-16n^^^^ (4.36) 


In the above derivations, we have used the flat condition Raibj = 0. For simplicity, we set 
Ui = 0. This is also the case studied in [38]. Gompare eq.(4.36) with 

3 

2AEi + 2T^Y,^r,Fn , (4.37) 


^sliog = log(^/<5) 
we can derive as 


n=l 


F3 = ^{I6d.k^dh^g2n + 7{k^kaf - I6k^k^-.kbk^^'^) - 1927r2.E4 + 12Fi + 3^2 (4.38) 
with E 4 and En given by 


Ei 

Fi 

F 2 


^ xhdhu oJih. . vhji, . _ 1 xhdhu uF. ifiE uH. 

1287r^*3*4 327r2^ *2 d'^b *4 

nJnuajm ijj i„amn\ , o^abi, u I ^cdu il^ F ■ 


2mn\^a ^ ^ j oe h,aill^bF ) 

-dkjk^^^kbjkk’^ + Qe^Vkie'^‘'~kcjkkd\ (4.39) 


To derive EI 4 in the above equation, we have used the ‘flat-space condition’ R'k^^i = RT,ijki ~ 
{kaikk°‘ji — kaiik°‘jjj = 0. Ti and F 2 are obtained from eqs. (4.21,4.22) with Cij^i = 0. 
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Eqs. (4.38,4.39) apply to the case with flat space-time on the boundary. This is also the 
case studied in [38]. Recall that the author of [38] makes two further assumptions [38]. 
The first one is = — 3 "^- And the second assumption is zero extrinsic curvature in the 
time-like direction. So we can drop the indices {a,b,c,d) in eqs. (4.38, 4. 39). We get 


5s|iog = log(^/<5) / d^x,/ho 


2 AE 4 + 37r5i(-ri - Ta) - 127rB2{T2) + GirBsiTs + 9Ti - I 2 T 2 ) 


(4.40) 


where the definitions of can be found in eq.(l.lO). Note that eq.(4.40) reduces to the 

_ ^1 

result of [38] eq.(1.9) when B^ = —This is a non-trivial check of our results. 


4.2 Logarithmic terms of EE from a general action 

in this sub-section, we investigate the universal terms of EE by using the general higher 
curvature gravity. We prove that it yields the same results as the above section. Our main 
method is the background-field approach developed in [36]. For simplicity, we focus on the 
action without the derivatives of the curvature S{Gfj,u,R^i,ap)- Besides, we assume this 
action has an asymptotically AdS solution. 

We firstly expand the action around a referenced curvature R^upa = —{GppGya — 
G^aGyp). According to [36], only the first few terms are relevant to the holographic Weyl 
anomaly and the logarithmic term of EE. We have 


/ ! - 3 Efiti 

d'^XyJ-G[ Y, E ] 

n=0 i=l 

r /—r 

= J d’^X^J-G[-^{R + 30) + cf^Rpyp^R^^'^P'^ + RRpyp^R^^^P^ + cf RpuR^p^plG^^^ 
+cfM2 + cfui + O(p^) ] 


(4.41) 


in) 

where c) ^ are some constants determined by the action and mn is the number of indepen¬ 
dent scalars constructed from appropriate contractions of n curvature tensors. For example, 
mi = 1, m 2 = 3, m 3 = 8 . with K'P the independent scalars constructed 


- 25 






from n curvature tensors. For example, we have 


Kl = R, 

Kf = , RpuR^\ R^): 

_ f C)3 f> D £> D 'QP i?P 'QP^ 'QP^ £> P 'DPP^^ P^ 

~ ^ ^ppcrV)^ pa\-> 

P f>p^^xf>p^ P pp^x^ p\ 

(4.42) 

For simplicity, we focus on the case with cf = 0 in this paper. Without loss of generality, 
we set c\ = —12, C 3 = A 3 , Cg = A 4 , Cj = A 2 , Cg = Ai. Then the general action becomes 

S = J (PX\Pd[R + 30 + AiMi + A 2 M 2 + + 0{p^)] 

(4.43) 

Please refer to eq.(4.2) and eq.(4.3) for the defination of and i2, respectively. According 
to [36], the Weyl anomaly of dual CFTs is (T*j) = X]n=i Rri In+‘^AEe with central charges 
given by eq.(4.5) 


A 


= TT 


3 


Bi 


B 2 


Bs 


-^+^ 2 , 

1 

192' 


(4.44) 


Remarkably, the CFTs dual to the gravitational theories eq.(4.1) and eq.(4.43) have exactly 
the same central charges. This means that they must have the same universal terms of EE 
too. Thus RRfj^upaR^'^^^ and in the action eq.(4.43) can not contribute to 

universal terms of EE in order to be consistent with the results of sect. 4.1.1 and sect. 
4.1.2. 

Following the approach of sect. 4.1.1, we find that the Wald entropy of RR^upuR^'^^^ 
and is indeed irrelevant to the universal terms of EE. However, mismatches 

come from the anomaly-like entropy if we choose Qozzij and Tq to be zero as in the original 
work of [10]. This implies that the splittings of the conical metric eq.(2.12) are necessary. 
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Applying eqs. (2.10,2.20,2.21,4.7-4.10), we get the anomaly-like entropy as 

^Anomaly = - J dpd^yVh[X 3 K - K^Ka - + 24ro) 

+ - Qo + 6To) + - 

= 0 \og{l/5) + ... 

where ‘...’ denotes terms irrelevant to the logarithmic terms of EE. In the above derivations, 
we have used the splittings eqs. (2.20,2.21) and the fact that only the trK'^ and 
of the 0{K‘^) terms contribute to the universal term of EE for 6d CFTs. Now it is clear 
that RR^ypfjR^'^P^ and RpyR^p^pR^P^^^ indeed do not contribute to the logarithmic terms. 
So the higher curvature gravity with cf = 0 gives the same universal terms of EE as those 
of sect. 4.1.1 and sect. 4.1.2. As for the case with cf non-zero, the calculation is quite 
complicated. But there is no indication that this case would give a different result. We 
leave the check of this case as an exercise for the readers. Finally, it should be mentioned 
that, in addition to equations of motion, eq.(4.45) can be regarded as another derivation of 
the splittings eqs. (2.20,2.21). That is because different higher curvature gravity must give 
the same formula of universal terms of EE. Therefore, the logarithmic terms of eq.(4.45) 
must be zero. 

5 Field theoretical method 

In this section, we compute the universal terms of EE by using the field theoretical method 
and then compare with the holographic results. Similar to the bulk case, we meet the 
splitting problem. Since now we do not know how to fix the splitting problem on the 
boundary, we assume the most general expressions. We find that there indeed exists suitable 
splittings which could make the holographic and the field theoretical results match. 

Recall that Weyl anomaly for 6d CFTs is given by 

3 

{T^i) = '^^BnIn-X2AEQ, (5-1) 

n=l 

where Eq is the Euler density and R are conformal invariants defined by 

T _ kl j _ ^ kl/^ mn^ ij /r r)\ 

-'I ^kijl^ n 5 -^2 ^ij ^kl ^mn 5 

/3 = 5] + AR^j -^R . (5.3) 

In the field theoretical approach, one can derive the universal terms of EE from the Weyl 
anomaly. Take the Weyl anomaly as a gravitational action and then calculate the ‘entropy’ 


QT)] + - 

(4.45) 
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of this ‘action’. It turns out that this ’entropy’ equals to the logarithmic term of EE for 
CFTs [35, 37], 

5.1 El and F 2 

Let us firstly study the case of Fi and F2. We find that the field theoretical results exactly 
match the holographic ones for the and terms. As for the terms, one meet with 
the splitting problem for qozzij and to- Since now we do not know how to fix the splitting 
for t, q on the boundary, we assume the following general expressions 

to = Zikamnk'^^^ + Z2kak^ 

qo zzij — {,X\kzimkz j “k dij^zmnk^ “k Ulkzkzij 1/2 Oijkzkz) C.C. (^■4) 

Recall that, in sect.4.1.1, we have already proved that the field theoretical results match 
the holographic ones for Wald entropy terms), so we focus on the anomaly-like entropy 
below. 

Applying the formula eq.(2.10), we get the anomaly-like entropy for R eq.(5.2) as 

5i = 247rkzijhmnC^^^^ - UTTkzifk-zmnCl^^" 

-mTTk^kzmjC^\z + ^87rk^ihmA\z 

96TrkzmnkJ^'"Czzzz - 4B'nkzmnkz'^'^CQ zzzz ] (5.5) 

where kaij is the traceless part of the extrinsic curvature and Cq k^ is defined in the 
Appendix. C. Comparing eq.(5.5) with eq.(4.18), we find that the Ck"^ terms match exactly. 
If we require that the k^ terms also match, we get a unique solution to eq.(5.4) 

1 1 , , 

xi = 1, X2 = -- 6zi, yi = 0, y2 = - 6z2 (5.6) 

4 16 

Let us go on to compute the anomaly-like entropy for I2 eq.(5.2). Using eq.(2.10), we 
obtain 

S 2 = y - 3847rfe/^^/”'C^j2i -k 1927rfc/^fe/'"C'o ], (5.7) 

where Cq ~ k'^ is given by eq.(C.3). Similar to the case of Ii, the Ck'^ terms of eq.(4.19) 
and eq.(5.7) match exactly. The k'^ terms also match if we impose the condition eq.(5.6). 
This is a non-trivial self-consistent testing of the splittings eq.(5.6) on the boundary. Note 
that comparing the holographic results and the field theoretical results for Fi and F2 does 
not fix zi, 2 ; 2 . 
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To end this section, we show some details of the derivation of eq.(5.6). For simplicity, 
we focus on the case of vanishing extrinsic curvature in the time-like direction (one can 
check that the general case gives the same results). Then we can replace kaij by \kij. From 
eqs.(5.5,5.7,C.6), we can derive the terms as 


BiSi + B 2 S 2 


= I 37r[i?i(xi - 2) - 4:B2Xi]trk‘^ - ^[Bi{xi - 2yi - 3) - 4i?2(l + xi - 2y2)]ktrk^ 

JT. 2 

+ |-7r[5i(21 + 2x1 + 28x2 + 168zi) + 4^2(1 + 2xi - 12x2 - 72zi)]{trk^f 

-k 6yi - 56^2 - 336z2) + 4i?2(9 - 14yi -k 24?/2 + 144z2)]A;"^ 

IbU 


-k—7r[i?i(-79 -k 3xi - 28x2 - 32yi -k 112y2 - 168zi -k 672^2) 

oU 

- 4 ^ 2(29 -k 7x1 - 12x2 - 48?/i -k 482/2 - 72zi -k 2S?,Z2)]kHrk^ ] 


(5.8) 


For 6 d CFTs with i ?3 = 0, the holographic k'^ terms eq.(4.40) becomes 


^sliog = \og{i/ 5 ) / dS^/ho 


37rili(-ri — T 2 ) — 127ri?2(72) 


= \og{^/5) / (fy\/ho?>'K[-{Bi+AB2)trk‘^ + {Bi+AB2)ktrk^ + -Bi{trk^)‘^ 

JT, 2 

-|(3Bi + AB2)khrk^ + |-(35i + 4.B2)A:^] • (5.9) 

8 d4 


Compare eq.(5.8) with eq.(5.9), we find a unique solution 

1 1 

Xl = 1, X2 = 7 - 6zi, 2/1 =0, 2/2 = -TW - 6Z2 
4 lb 


(5.10) 


Note that Bi and B 2 are independent central charges, so there are ten equations (5.8) for 
six unkown parameters. Thus it is non-trivial that we have consistent solutions. 


5.2 F 3 

Now let us go on to study the F 3 term. In sect. 4.1.2, we have discussed the holographic 
F 3 for two interesting cases. In this first case we set kaij = 0 and derive the terms of 
F 3 eq.(4.34). And in the second case, we focus on the flat boundary spacetime and obtain 
the k^ terms of F 3 eqs.(4.34,4.40). In this section, we calculate the corresponding field 
theoretical results and compare with the holographic ones. We find that the terms of 
F 3 indeed match. This can be regarded as a resolution of the HMS puzzle [12, 37]. While 
for the k^ terms, we have to deal with the splitting problem. We assume eqs.(5.4,5.6) and 
check if this assumption of splitting could pass the F 3 test or not. 
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Case I: kaij = 0 

Let us firstly investigate the case with zero extrinsic curvature. It is found by HMS [37] 
that there are mismatches between the holographic and the field theoretical universal terms 
of EE even for the entangling surfaces with zero extrinsic curvature. Recently, the authors 
of [12] find that HMS have ignored the anomaly-like entropy from the Weyl anomaly I 3 . 
After taking into account this contribution, the holographic and GET universal terms of 
EE indeed match [12]. For simplicity [12, 37] both focus on the cases with kaij = 0 and 
Rabci = ^^ab^ci = 0. Here we drop the second constraint Rabd = ^^ab^ci = 0 and check if 
the holographic and the field theoretical results still match. We only need to compare AS* 
eq.(4.35) with the anomaly-like entropy from That is because the anomaly-like entropy 
of Ii and I 2 vanishes for kaij = 0. Note further that the anomaly-like entropy of I 3 only 
comes form CijkiOC^^^^ = —^mCijki^'^C'’^^^ for the case of zero extrinsic curvature. 

When the extrinsic curvature vanishes, the splitting problem disappears and the anomaly¬ 
like entropy for the gravitational action with one derivative of the curvature is given by [12] 

+ 96R_ — _1 I 

where Q, V are defined in the conical metric 

ds'^ = e'^"^[dzdz + e^'^T^zdz — zdz)"^] + 2 ie^^Vi{zdz — zdz)dy'^ 

+{hij -h Qij)d'if‘dyR (5.12) 

Here A = — | lg{zz + 6^) is regularized warp factor and V), Qij are defined as 

Vi = Ui + zV,i + zVu + 0{z^), 

Qij = Z^Qzzij + z'^Qzzij + 2,ZZe^^Qzzij + 0 {z^) (5.13) 

Applying the formula eq.(5.11), we derive the anomaly-like entropy of 
as 

5a = J d^y^o[l287rQzzijQj + ^327rVziVV]. (5.14) 

It should be mentioned that the total entropy of VlCijkiC^^^^ vanishes by using the approach 
of [10, 12]. 
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Substituting the conical metric eq.(5.12) with A = Q into AS* eq.(4.35), we get 

A5 = [12^7^0,+ A‘i2TTV,iVA]. (5.15) 

which is exactly the same as eq.(5.14). Thus the holographic and the field theoretical results 
match for the terms of T 3 . 

Case II: flat gij 

Now let us go on to study the case with flat spacetime on the boundary. The holographic 
result of 27rT3 is given by eq.(4.40) 

^Eliog = log(^/5) ^ [ 67 r(T 3 + m - I 2 T 2 ) ] (5.16) 

with 

25 

Ti = (tr/c^)^, T 2 = ti'k*, T 3 = - + llk^trk^ — Qitrk^S^ — IQktrk^ + 12trk^. 

16 

(5.17) 

Applying the method developed in [10, 12] together with the splittings eqs.(5.4,5.6), 
we can derive 27rT3 as the entropy of We list the results below. 

I For ds^ = dzdz + (1 + ^^)‘^dy\ + dy^ + + dy\, we obtain the entropy of I 3 as 

S'/liog = d‘^y\/h) ^ (5.18) 

which agrees with the holographic result eq.(5.16) with fcb. = diag{l, 0,0,0}. 

II For ds^ = dzdz + (1 + ^^Y{dy‘l + sin^ yi A) + dy^ + dyl^ we derive the entropy of 
h as 

Sii\iog = j d'^y^/ho 30 tt, (5.19) 

which matches the holographic result eq.(5.16) with A:*-. = diagjl, 1,0,0}. 

III For ds'^ = dzdz + (1 + ^^)'^idyi + sin^ J/idyi + sin^ yi sin^ y 2 dy‘l) + dyl, we get the 
entropy of /3 as 

*S'///|iog = J g , (5.20) 

which is consistent with the holographic result eq.(5.16) with k^~. = diagjl, 1,1, 0}. 

IV For ds^ = dzdz+i'i+^^Y{dyl+siv? yidy 2 +s\r? yi sin^ y 2 dy|+sin^ yi sin^ y 2 sin^ y‘^dyl), 
we have the entropy of I 3 


5'/y|iog = 0, 


( 5 . 21 ) 



which also agrees with the holographic result eq.(5.16) with = diagjl, 1,1,1}. 

Now it is clear that the splittings eq.(5.4,5.6) have passed the test. Remarkably, 
we cannot fix the splittings completely by comparing the holographic and field theoretical 
universal terms of EE. It seems that we have more than one way to split the conical metrics 
on the boundary and such freedom does not affect the universal terms of EE. 

6 Conclusions 

We have investigated the universal terms of EE for 6 d CFTs by applying holographic and 
the field theoretical methods, respectively. Our results agree with those of [37, 38]. We find 
the holographic and the field theoretical results match for the and Ck‘^ terms. While 
for the k^ terms, we meet the splitting problem for the conical metrics. We fix the splitting 
problem in the bulk by using two different methods. The first one is by using equations of 
motion and second one is requiring that all the higher derivative theories of gravity yield the 
same logarithmic terms of EE. These two methods give consistent results for the splitting in 
the bulk. As for the splitting on the boundary, we assume the general forms and find there 
indeed exists suitable splitting which can make the holographic and GET k^ terms match. 
Since we have much more equations than the free parameters, this match is non-trivial. 
Remarkably, we can not fix the splitting on the boundary completely by comparing the 
holographic and field theoretical results. It seems that we have some freedom to split the 
conical metrics on the boundary and such freedom does not affect the universal terms of 
EE for CFTs. That is not surprising, since the terms (Weyl anmoly) we studied are quite 
special. Actually, for Lovelock gravity, arbitrary splitting would not affect the entropy. 
How to fix the splitting problem on the boundary is an interesting problem. For the cases 
with gravity duals, we could obtain the conical metrics on the boundary from the one in 
the bulk. While for the general cases, now it is not clear to us how to fix this problem. 
We hope to address this problem in future. Finally, we want to point out how much our 
holographic results T, eqs. (4.21,4.22,4.33) depend on the splittings. It turns out that that 
the combinations (T 3 — 3^2 — 12 Ei) and ( 2 Ti + F 2 ) are independent of the splittings, due 
to the fact that they can be derived from the holographic entanglement entropy of Einstein 
gravity and Lovelock gravity which are irrelevant to the splittings. In other words, our 
results do not depend on the splittings when the central charges satisfy = — 3 "^- 
Without loss of generality, we choose F 2 as the third independent combination of T). As 
mentioned above, the splitting problem does not affect the and Ck‘^ terms. Thus, only 
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the terms of F 2 are relevant to the splitting problem. 


Acknowledgements 

R. X. Miao is supported by Sino-German (CSC-DAAD) Postdoc Scholarship Program. R. 
X. Miao thank S. Theisen and X. Dong for helpful discussions, and also J. Camps for 
pointing out a typo. 

A Universal relations from extremal entropy condition 

In this section, we derive the universal identity eq.(3.11) by taking the variation of the 
entropy functional. For simplicty, we focus on Einstein gravity in asymptotically AdS 
space-time. The basic idea is to study the variation of the universal logarithmic terms of 
the entropy functional. 

Recall that the embedding functions of the entangling surface m into the bulk are given 
by 

(0) . (1) . (2) . 

X\t, yi) = + X\yi)T + X\y^y + ... (A.l) 

from which we can derive the induced metric on m as 



where we only list terms including A* in the above equations. Remarkably, only the lin- 

(^) 

eared terms of A* appear in the logarithmic terms of the entropy functional ^ dr fj, d‘^~‘^y\/h 


(1) 


Slog — 




(0) 


(0) 


d^-^y^o[2{d - 2) A' X^g-j + W^d~,X^d^. X^ 


/ d — 2 \ 

^ (0) 1 „ (0) 

ffmn 2 ^ ^ ^k9ij] + ••• 

(A.4) 


where denote terms without A* . Taking the variation of A* for eq.(A.4), we get 


(1) (0) (0) (0) (0) (0) (0) 
h {d^dnX^ - + ThidrhX^dnX^) 

- 1 

2 {d-2) 


(A.5) 
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where 7 ^^ and are the Levi-Civita connection with respect to hy- and g respectively. 

Now we hnish the derivations of eq.(3.11) from the extremal entropy condition. Al¬ 
though we only studied the case of Einstein gravity , similar to ‘'g eq.(3.2) it is expected 

that our approaches and conclusions of this section can be generalized to the general higher 
derivative gravity, due to the fact that the universal relation eq.(3.11) can be derived from 
PBH transformation [46]. This means that, at the leading order, the asymptotic symmetry 
forces that the extremal entropy surface (bulk entangling surface ) approaches the minimal 

area surface near the AdS boundary. Of course, they can be different at the subleading 

{") . 

orders near the AdS boundary, since X* with n > 2 are non-universal. Fortunately, we do 

(") . 

not need X* with n > 2 for the derivations of universal terms of EE for 4d and 6 d CFTs, 
similar to the case that we do not need g with n > 2 for the calculations of holographic 
Weyl anomaly for 4d and 6 d CFTs [36]. 


B The conformal invariance of F 3 

In this section, we prove that the logarithmic terms of EE for Einstein gravity Se eq.(4.32) 
are conformally invariant. Recall that T 3 is a combination of 5^; and the conformal in¬ 
variants Fi,F 2 ,E 4 ^. Thus, equivalently, we shall prove T 3 is conformally invariant. For 
simplicity, we focus on the inhnitesimal conformal transformations. According to [47], we 
have 

ViVja 

- 2 a'g\j + 

(B.l) 

and 


.(0) 

^ 9 ij — 
S9ij = 
- 

^ 9 ij 


_ T ~±mn\-7 ^ 

6k j^j — kijQ y 

6 k^ = -2ak'^ - A~g^^^Vn<J 
or — 6i Vj(j + Oj Via — gijV cr 

6Rijki = 2aRijki + + ''9 - ‘'9 jN (B.2) 
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Substituting eqs.(B.l,B.2) into eq.(4.32), we get 


6 ^Se = 7rlog(£/5) ^ d^y^/hotf 

-2fk%Vm<T + h^^V^^g\jVmCT - g^^^h^^VmCTVng\j - ^k^k^k^Vn<y 

- ^gi.hVja + h^k^ijk'^^^Vna - + T h^jh^^Vm^ncr 

-h^^V^aV-g^k + l^h^^k^VikjV„,<j - k^Vik^Vja + ^k^VjV 

-^k^kmh^^ViVja + hmk^^^ViVja - 2f'h,k^>^~g^jiV^a - '^h^^Vik^Vfg^mn^n^ 
A-g^^Jh’^i^kkiVjVia], (B.3) 

Let us try to simplify the above complicated results. The trick is to replace the covariant 
derivative Vj with respect to ^g by the intrinsic covariant derivative Di with respect to 
hij as much as possible. Besides, we find the following formulas are useful: 


hTh^VmVn = Di{h]Vn) - k%Vm 

hTh]VmVnCT = DiDja - k%Vm(r 


^m^ij — ^inj “1“ ^ 


^inj 


jm 


k V — k^k 

k'^h^h‘^jh[Rmpqi = k^{Vjkmik - ^kkmij) 

k'^h^'^h^^R^ijkVia = ^DiaD\k^km) - D^aD^k^kmij) + Vik^k^^^V.a 
h^^k^ViVmVj(T = D\h{k^Vm^ja) - k'^k^ViV^a - ^Vik^Vm^jU (B.4) 


Applying the above formulas, we can simplify ScSe as 
6„Se = 7:\og{i/5) ^ (fyVhoD\\Kk^^^Vja + 

-^k^kmD.a + ^^k^kmiqD^a], (B.5) 

which are just total derivative terms. Now it is clear that Se eq(4.32) and thus T 3 eq.(4.33) 
are conformally invariant up to some total derivative terms. 


C Weyl tensor 

The Weyl tensor in D-dimensional spacetime is defined as 

2 2 

Cpupa Rpupa ~ jj ^ plpk^crji/ ~ 9u[pk^a]p) T _ 2j ^ 9p[p9a]u- (CT) 
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Here we list some useful formulas. 


Czzzz — ^ zzzz + e^^Co 


Co ..-.2 = -STo + [K.^nK^ - Qo zzZr + 6 To] 


4{D - 1){D - 2) 

„2A 


{3K,mnK^^" - K,K^ - 2Qoc"m"" + 


(C.2) 


Czizj — ^ 2:^27 + Co 


ZIZJ 1 


Cq zizj — K^jiK^ i Qo zzij 


^ + gij- Qo zznT + 6^0)] 


D-2 


+ 


1 


2{D - 1){D - 2) 

-2A/ 


2 ■' 2 
giji3K,mnK^^^ - K,K^ - 2Qo,'=^™ + 24To) 


(C.3) 


Cikjl — Cl ikjl + 6 Cq ikjli 

Co ifciZ = KailK^^k - KaijK\i 


D-2 


l]k 9k[j^0 l]i 


+ + 24To) (C.4) 

RO ^j = 2KairaK‘^^j " K^Kaij - Ql^ij (C.5) 


Let us focus on the case of [38] with Kaij = \kij^ Qo zzij = \<iij and D = 6. We have 

Co zzzz = — 3q) — —Iq 

8 (J 5 

Co zizj — ^9ij 4“ 4” 4“ q) ZrJ'^Sij 

o o oU iU 

Co ikji — {kilkjk kijkki) 2 ^Si[j^o i]k 9k[j'^o i]i) 4“ YQkli\j9i]k{3kmnk k 2q + 24to) 

^0 ij — 2hiyyik j kkij qij (C.6) 
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